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Chapter 1

Interaction Between
Electrode Charges and
Dipoles of the Melt

The starting point for the derivation is the dipole-charge interaction term
given by Allen and Tildesley [1], which is the same used by Ishii et al. [2] and
by Aguado and Madden [3]. For a system of N point charges qi with associated
dipoles µi, this term is given by

Ucpµ = −
N∑
i=1

N∑
j>i

[
qirij · µj

r3ij
− qjrij · µi

r3ij

]
(1.1)

where the damping functions have been dropped and the distance vector is
defined — at contrary with respect to MetalWalls (part I) by Abel — as rij =
ri − rj . The modulus |rij | is indicated by rij .

The system we want to study is different in many ways from the one described
by eq. (1.1). Indeed, we want to describe a set of Gaussian-charge distributions
which is interacting with the dipoles of a set of point-charge distributions. In
particular, the particles involved are of two different kinds, one being particles of
the metal walls, while the other being particles of the melt. The above statement
encodes two main differences:

• The sums run on two different sets of indexes, one representing the melt
particles the other the electrode charges.

• The charges are not point charges, but they are distributed as Gaussians.

The first item of the list imposes a reindexing of the sums as no double counting
is involved in this case. This means, in particular, that, indicating by Ne and
Np the number of electrode charges and the number of (dipolar) point particles
in the melt, eq. (1.1) can be written as

Ũcpµ = −
Ne∑
i=1

Np∑
j=1

[
qirij · µj

r3ij

]
(1.2)
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where the tilde indicates the different indexing method (indeed rij 6= −rij for
this system). We stress the fact that the summations, running on particles of
different kinds, do not include the term i = j since no such term actually exists.

The second item in the list implies the Gaussian shape of the charge distri-
butions, which are given by

ρi(r) = Qi

(
η2i
π

)3/2

e−η
2
i |r−ri|

2

for i = 1, . . . , Ne (1.3)

where ri and Qi are the position and the integral charge of the atom i, respec-
tively and ηi is a model parameter which is dependent by the particular site
considered. Substituting this expression in eq. (1.2) in place of the point charge
qi and integrating over the whole space we get

Ucgµ = −
Ne∑
i=1

Np∑
j=1

∫
R3

d3r

[
Qi

(η2i
π

) 3
2

e−η
2
i |r−ri|

2 (r − rj) · µj
|r − rj |3

]
(1.4)

It is now possible to substitute r′ = ri − r so that r = ri − r′ (the Jacobian is
−1). The final expression is then given by

Ucgµ =

Ne∑
i=1

Np∑
j=1

∫
R3

d3r

[
Qi

(η2i
π

) 3
2

e−η
2
i |r|

2 (rij − r) · µj
|rij − r|3

]
(1.5)

where the prime has been dropped since no ambiguity is produced. The same
result would be obtained using Abel’s convention rij = rj − ri changing the
sign in front of the expression.

Periodic boundary conditions are enforced in the system and we will treat
separately the case in which only two or all three dimensions are replicated. For
the moment the repeated boxes will be generally labelled through the vector
n ∈ Z3 where nz = 0 when two-dimensional periodic boundary conditions are
considered. This means that, for each particle (melt or electrode) at position
ri, there are an infinite number of other particles at position m = nL (product
component by component) where n is defined above and L = (Lx, Ly, Lz) are
the dimensions of the simulation box. The expression of the energy then becomes

Ucgµ =

Ne∑
i=1

Np∑
j=1

∑
n

∫
R3

d3r

[
Qi

(η2i
π

) 3
2

e−η
2
i |r|

2 (rij − r +m) · µj
|rij − r +m|3

]
(1.6)

Note that no prime is present on the summation over the boxes, since no term
i = j exists and has to be excluded.

The exponential in r can be expanded using the property of the Gaussian
integral as

exp(−η2i |r|2) = (2π)−3
( π
η2i

) 3
2

∫
R3

d3v exp

[
−|v|

2

4η2i
+ iv · r

]
(1.7)

as done in the case of MetalWalls (part I) by Abel.
The term |rij−r+m|−3 can be expanded using the properties of the Euler’s

gamma functions∫ ∞
0

dt tbe−at =
Γ(b+ 1)

ab+1
(1.8)
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which is again the same trick used by Abel. In the case of the inverse function
r−1 we had a = r2 and b = − 1

2 . In the present case, i.e. r−3, we have a = r2

and b = + 1
2 , so that1

1

r3
=

2√
π

∫ ∞
0

dt t
1
2 e−r

2t (1.9)

The next relation used by Abel is the so-called “Jacobi Imaginary Transfor-
mation”2 to switch from a sum over n in real space to a sum over k in reciprocal
space. I found no trace in the literature of this transformation except that in the
context of Elliptic functions which I do not know how to relate to the present
case. What I think is the relation sought by Abel and the others is the Poisson
Summation Formula [4], which reads∑

n∈Z
f(n) =

∑
k∈Z

f̂(k) (1.10)

where f̂(k) is the Fourier Transform of the function f(r), given by

F [f ] = f̂(k) =

∫
R3

d3rf(r)e−i2πr·k (1.11)

and n and k represent periodicity and corresponding wavevectors in real and
reciprocal space, respectively. We want to write in reciprocal space an expression
of the form∑

n

µ · (r +m) exp
[
−(r +m)2t

]
(1.12)

The reciprocal space will be characterized by the wavevectors indexes k ∈ Z3

where, again, kz = 0 when two-dimensional periodic boundary conditions have
to be enforced. The size of the system is taken into account in the basis elements
of the reciprocal space defining the vectors h = 2πk/L (ratio component by
component). Expanding the scalar products outside and inside the exponential
function in eq. (1.12) and exploiting the properties of the exponentials, we obtain
a sum of products of the following two terms

exp
[
−(α+ nαLα)2t

]
µα(α+ nαLα) exp

[
−(α+ nαLα)2t

] (1.13)

where α ∈ {x, y, z}. Fourier transforming these terms we get

F
[
exp
[
−(α+ nαLα)2t

]]
=

1

Lα

√
π

t
exp

[
−π

2k2α
L2
αt

+ i
2πkαα

Lα

]
F
[
µα(α+ nαLα) exp

[
−(α+ nαLα)2t

]]
= −i

π
3
2

L2
αt

3
2

kα exp

[
−π

2k2α
L2
αt

+ i
2πkαα

Lα

]
(1.14)

Now a distinction has to be made between the cases in which the periodic
boundary conditions are enforced in two or three dimensions.

1Of course the choice a = r6 and b = − 1
2
is equally possible, but it is much better to work

with Gaussian integrals.
2The relation is cited with this name also by Pounds and Gingrich in their PhD and Master

thesis, respectively.
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1.1 Periodic Boundary Conditions on the xy-
plane.

When periodic boundary conditions are enforced on the xy-plane the vectors
n and k are given by n = (nx, ny, 0) and k = (kx, ky, 0), respectively, so that
the sum in eq. (1.12) can actually be expanded as∑

n

µ · (r +m) exp
[
−(r +m)2t

]
=

=
∑
nx

∑
ny

[
µx(x+ nxLx) + µy(y + nyLy) + µzz

]
×

× exp
[
−(x+ nxLx)2t

]
exp
[
−(y + nyLy)2t

]
exp
[
−z2t

] (1.15)

The exponential function in z can be taken out from the summation and it will
be not involved in the Fourier transform. The F operator can now be applied
on the rest of the expression to get

exp
[
−z2t

]∑
nx

∑
ny

F
[[
µx(x+ nxLx) + µy(y + nyLy) + µzz

]
×

× exp
[
−(x+ nxLx)2t

]
exp
[
−(y + nyLy)2t

]]
=

= exp
[
−z2t

]∑
nx

∑
ny

{
F
[
µx(x+ nxLx) exp

[
−(x+ nxLx)2t

]]
F
[
exp
[
−(y + nyLy)2t

]]
+

+ F
[
exp
[
−(x+ nxLx)2t

]]
F
[
µy(y + nyLy) exp

[
−(y + nyLy)2t

]]
+

+ µzzF
[
exp
[
−(x+ nxLx)2t

]]
F
[
exp
[
−(y + nyLy)2t

]]}
(1.16)

where the linearity of the Fourier operator and the factorizability in the x and y
variables have been used. We can now use the results from eqs. (1.14) to write
the expression in reciprocal space as

exp
[
−z2t

]∑
kx

∑
ky

{
−i

π2

Lxt2
kx
Lx

µx exp

[
−π

2k2x
L2
xt

+ i
2πkxx

Lx

]
1

Ly
exp

[
−
π2k2y
L2
yt

+ i
2πkyy

Ly

]
+

+
1

Lx
exp

[
−π

2k2x
L2
xt

+ i
2πkxx

Lx

](
−i

π2

Lyt2
ky
Ly
µy

)
exp

[
−
π2k2y
L2
yt

+ i
2πkyy

Ly

]
+

+ µzz
1

Lx

√
π

t
exp

[
−π

2k2x
L2
xt

+ i
2πkxx

Lx

]
1

Ly

√
π

t
exp

[
−
π2k2y
L2
yt

+ i
2πkyy

Ly

]}
=

=
1

LxLy

π

t
exp
[
−z2t

]∑
kx

∑
ky

{[
−i
π

t

kx
Lx

µx − i
π

t

ky
Ly
µy + µzz

]
×

× exp

[
−π

2k2x
L2
xt

+ i
2πkxx

Lx

]
exp

[
−
π2k2y
L2
yt

+ i
2πkyy

Ly

]}
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(1.17)

The exponentials can now be factored together to obtain finally∑
nx

∑
ny

[
µx(x+ nxLx) + µy(y + nyLy) + µzz

]
×

× exp
[
−(x+ nxLx)2t

]
exp
[
−(y + nyLy)2t

]
exp
[
−z2t

]
=

=
1

LxLy

π

t
exp
[
−z2t

]∑
kx

∑
ky

{[
−i
π

t

kx
Lx

µx − i
π

t

ky
Ly
µy + µzz

]
×

× exp

[
−π

2k2x
L2
xt

+ i
2πkxx

Lx

]
exp

[
−
π2k2y
L2
yt

+ i
2πkyy

Ly

]}
=

=
1

LxLy

π

t
exp
[
−z2t

]∑
k

{[
−i

1

2t
hxµx − i

1

2t
hyµy + µzz

]
×

× exp

[
−|h|

2

4t
+ ih · r

]}

(1.18)

recalling that h = 2πk/L = (2πkx/Lx, 2πky/Ly, 0) for two-dimensional periodic
boundary conditions. We can now substitute the three relations eqs. (1.7), (1.9)
and (1.18) in the original expression of the energy

Ucgµ =

Ne∑
i=1

Np∑
j=1

Qi

(η2i
π

) 3
2
∑
n

∫
R3

d3r
(rij − r +m) · µj
|rij − r +m|3

e−η
2
i |r|

2

=

=
1

(2π)3

Ne∑
i=1

Np∑
j=1

Qi
∑
n

∫
R3

d3r
(rij − r +m) · µj
|rij − r +m|3

×

×
∫
R3

d3v exp

[
−|v|

2

4η2i
+ iv · r

]
=

=
1

4π
7
2

Ne∑
i=1

Np∑
j=1

Qi

∫
R3

d3r

∫ ∞
0

dt t
1
2×

×
∑
n

(rij − r +m) · µj × e−|rij−r+m|
2t×

×
∫
R3

d3v exp

[
−|v|

2

4η2i
+ iv · r

]
=

=
1

LxLy

1

4π
5
2

Ne∑
i=1

Np∑
j=1

Qi

∫
R3

d3r

∫ ∞
0

dt t−
1
2×

×
∑
k

{[
−i

1

2t
hxµx − i

1

2t
hyµy + (zij − z)µz

]
×

× exp
[
−(zij − z)2t

]
exp

[
−|h|

2

4t
+ ih · (rij − r)

]}
×

×
∫
R3

d3v exp

[
−|v|

2

4η2i
+ iv · r

]

(1.19)
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We can now further simplify this expression exploiting again the properties
of the Gaussian integrals. In particular we want to expand the exponential
exp[−(zij − z)2t] which, contrary to the case treated in MetalWalls (part I), is
now multiplied by the factor (zij − z)µz. This can be done once we recognize
that this factor can be written as the derivative of a Gaussian

x exp[−x2t] = − 1

2t

∂

∂x
exp[−x2t] (1.20)

The Gaussian integral eq. (1.7) can now be used in its standard one-dimensional
form and, taking the derivative with respect to x, we obtain the result

x exp[−x2t] = − 1

2t

∂

∂x

[
1√
4πt

∫ ∞
−∞

du exp
[
−u

2

4t
+ iux

]]
=

= − 1

2t

1√
4πt

∫ ∞
−∞

du (iu) exp
[
−u

2

4t
+ iux

]]
=

= − i

2t

1√
4πt

∫ ∞
−∞

du u exp
[
−u

2

4t
+ iux

]] (1.21)

Since the exponential exp[−(zij−z)2t] is multiplied by the whole scalar product
we have to treat consistently all the prefactors. In particular there will be a term
(
√

4πt)−1
∫
du exp[−u2/(4t)+iu(zij−z)] multiplied by the whole scalar product,

while the term −iu/(2t) will multiply only the z component. In this way the
energy can be written as

Ucgµ =
1

LxLy

1

4π
5
2

Ne∑
i=1

Np∑
j=1

Qi

∫
R3

d3r

∫ ∞
0

dt t−
1
2×

×
∑
k

{[
−i

1

2t
hxµx − i

1

2t
hyµy + (zij − z)µz

]
×

× exp
[
−(zij − z)2t

]
exp

[
−|h|

2

4t
+ ih · (rij − r)

]}
×

×
∫
R3

d3v exp

[
−|v|

2

4η2i
+ iv · r

]
=

=
1

LxLy

1

8π3

Ne∑
i=1

Np∑
j=1

Qi

∫ ∞
−∞

du

∫
R3

d3r

∫ ∞
0

dt t−1×

×
∑
k

{[
−i

1

2t
hxµx − i

1

2t
hyµy − i

1

2t
uµz

]
×

× exp
[
−u

2

4t
+ iu(zij − z)

]
exp

[
−|h|

2

4t
+ ih · (rij − r)

]}
×

×
∫
R3

d3v exp

[
−|v|

2

4η2i
+ iv · r

]

(1.22)
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If we now define κ = (2πkx/Lx, 2πky/Ly, u) = (hx, hy, u) and reorganize some
prefactors, we can write the following expression for the energy

Ucgµ = − i

LxLy

1

16π3

Ne∑
i=1

Np∑
j=1

Qi

∫ ∞
−∞

du

∫
R3

d3r

∫ ∞
0

dt t−2×

×
∑
k

(µj · κ) exp

[
−|κ|

2

4t
+ iκ · (rij − r)

]
×

×
∫
R3

d3v exp

[
−|v|

2

4η2i
+ iv · r

]
(1.23)

At this point we can get rid of the integral in d3r and d3v using the integral
representation of the three-dimensional Dirac’s delta

δ3(r − r0) =
1

8π3

∫
R3

d3k exp[−i(r − r0) · k] (1.24)

Reorganizing factors in eq. (1.23) we have

Ucgµ = − i

LxLy

1

16π3

Ne∑
i=1

Np∑
j=1

Qi

∫ ∞
−∞

du

∫ ∞
0

dt t−2×

×
∑
k

(µj · κ) exp

[
−|κ|

2

4t
+ iκ · rij

]
×

×
∫
R3

d3v exp

[
−|v|

2

4η2i

] ∫
R3

d3r exp
[
−i(κ− v) · r

]
(1.25)

and substituting eq. (1.24), recalling that δ3(r) = δ3(−r), we obtain

Ucgµ = − i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

Qi

∫ ∞
−∞

du

∫ ∞
0

dt t−2×

×
∑
k

(µj · κ) exp

[
−|κ|

2

4t
+ iκ · rij

]
×

×
∫
R3

d3v exp

[
−|v|

2

4η2i

]
δ3(κ− v) =

= − i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

Qi

∫ ∞
−∞

du

∫ ∞
0

dt t−2×

×
∑
k

(µj · κ) exp

[
−|κ|

2

4t
+ iκ · rij

]
exp

[
−|κ|

2

4η2i

]
=

= − i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

Qi

∫ ∞
−∞

du

∫ ∞
0

dt t−2×

×
∑
k

(µj · κ) exp

[
−|κ|

2

4

(1

t
+

1

η2i

)
+ iκ · rij

]

(1.26)

We now consider the integral∫ ∞
0

dt t−2 exp

[
−|κ|

2

4

(1

t
+

1

η2i

)
+ iκ · rij

]
(1.27)
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Performing the change of variables

t′ =

[
1

t
+

1

η2i

]−1
=

[
η2i + t

η2i t

]−1
=

η2i t

η2i + t
(1.28)

which implies

dt′ =
d

dt

[
η2i t

η2i + t

]
dt =

[
η2i (η2i + t)− η2i t

(η2i + t)2

]
dt =

[
η4i

(η2i + t)2

]
dt (1.29)

and in turn

dt =

[
η4i

(η2i + t)2

]−1
dt′ =

[
(η2i + t)2

η4i

]
dt′ (1.30)

so that the integral becomes∫
dt t−2 exp

[
−|κ|

2

4

(1

t
+

1

η2i

)
+ iκ · rij

]
=

=

∫
dt′

(η2i + t)2

η4i t
2

exp

[
−|κ|

2

4t′
+ iκ · rij

]
=

=

∫
dt′
[

(η2i + t)

η2i t

]2
exp

[
−|κ|

2

4t′
+ iκ · rij

]
=

=

∫
dt′(t′)−2 exp

[
−|κ|

2

4t′
+ iκ · rij

]
(1.31)

Finally, the extrema can be obtained as

t = 0⇒ t′ = 0

t→∞⇒ t′ = lim
t→∞

η2i t

η2i + t
= lim
t→∞

tη2i

t(
η2i
t + 1)

= η2i
(1.32)

So that the integral after the change of variables is given by∫ η2i

0

dt t−2 exp

[
−|κ|

2

4t
+ iκ · rij

]
(1.33)

where the prime has been dropped since no ambiguity is produced.
The form of the energy at this point is given by

Ucgµ = − i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

Qi

∫ ∞
−∞

du

∫ η2i

0

dt t−2
∑
k

(µj · κ) exp

[
−|κ|

2

4t
+ iκ · rij

]
(1.34)

We now split the contribution to the energy in a long-range and a short-range
part, which can be done by dividing the integral in dt introducing the Ewald
cut-off parameter α

Ucgµ = − i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k

Qi(µj · κ)×

×

{∫ α2

0

dt t−2 exp

[
−|κ|

2

4t
+ iκ · rij

]
+

∫ η2i

α2

dt t−2 exp

[
−|κ|

2

4t
+ iκ · rij

]}
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(1.35)

where it is easy to identify

U sr
cgµ = − i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k

Qi(µj · κ)

∫ η2i

α2

dt t−2 exp

[
−|κ|

2

4t
+ iκ · rij

]

U lr
cgµ = − i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k

Qi(µj · κ)

∫ α2

0

dt t−2 exp

[
−|κ|

2

4t
+ iκ · rij

]
(1.36)

To obtain a useful expression for the long-range part it is necessary to treat
separately the k = 0 term and the rest of the sum over the wavevectors in
reciprocal space. In this fashion, we write down the long-range part of the
energy as U lr

cgµ = U lr,∗
cgµ + U lr,0

cgµ where

U lr,∗
cgµ = − i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k 6=0

Qi(µj · κ)

∫ α2

0

dt t−2 exp

[
−|κ|

2

4t
+ iκ · rij

]

U lr,0
cgµ = − i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du Qi(µ
z
ju)

∫ α2

0

dt t−2 exp

[
−u

2

4t
+ iuzij

]
(1.37)

Focusing for the moment on the k = 0 term we can contract the integral in
the u variable using the Gaussian integral formula in eq. (1.21) and, solving the
integral in dt, we obtain

U lr,0
cgµ = − i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

Qiµ
z
j

∫ α2

0

dt t−2
∫ ∞
−∞

du u exp

[
−u

2

4t
+ iuzij

]
=

=
2
√
π

LxLy

Ne∑
i=1

Np∑
j=1

Qiµ
z
jzij

∫ α2

0

dt t−
1
2 exp

[
−z2ijt

]
=

=
2π

LxLy

Ne∑
i=1

Np∑
j=1

Qiµ
z
j sgn[zij ] erf

[
α|zij |

]
=

=
2π

LxLy

Ne∑
i=1

Np∑
j=1

Qiµ
z
j erf

[
αzij

]
(1.38)

where sgn[zij ] = zij/|zij | and the last equality follows from the oddity of the
error function under change of sign of its argument.

The rest of the long-range part is treated just like the case of the point-
charge-to-point-charge interaction since the form is the same with the exception
of the scalar product (µj ·κ) in place of the second charge. We solve the integral
in dt as a first step, splitting now the contributions directly dependent on k and
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the ones depending on u. Recalling that h = (2π kxLx , 2π
ky
Ly
, 0) we have that

U lr,∗
cgµ = − i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k 6=0

Qi(µj · h+ uµzj )×

× exp
[
i(h · rij + uzij)

] ∫ α2

0

dt t−2 exp

[
−|h|

2 + u2

4t

]
=

= − i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k 6=0

Qi(µj · h+ uµzj )×

× exp
[
i(h · rij + uzij)

]exp
[
− |h|

2+u2

4α2

]
|h|2 + u2

=

= − 1

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k 6=0

Qi(µj · h+ uµzj )×

× exp
[
i(h · rij + uzij +

π

2
)
]exp

[
− |h|

2+u2

4α2

]
|h|2 + u2

=

= − 1

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k 6=0

Qi(µj · h+ uµzj )×

×
[
cos(h · rij + uzij +

π

2
) + i sin(h · rij + uzij +

π

2
)
]exp

[
− |h|

2+u2

4α2

]
|h|2 + u2

=

= − 1

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k 6=0

Qi(µj · h+ uµzj )×

×
[
i cos(h · rij + uzij)− sin(h · rij + uzij)

]exp
[
− |h|

2+u2

4α2

]
|h|2 + u2

=

=
1

2LxLy

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k 6=0

Qi(µj · h+ uµzj )×

×
[
sin(h · rij + uzij)

]exp
[
− |h|

2+u2

4α2

]
|h|2 + u2

(1.39)

where it has been recognized that i = exp[iπ/2] and, in the last equality, the
oddity of the function (µj ·h+uµzj )i cos(µj ·h+uµzj ) with respect to its argument
and the symmetry of the domain of integration/summation has been used. In
addition, it is possible to recognize that

sin(h · rij + uzij) = sin(h · ri + uzi) cos(h · rj + uzj)+

− cos(h · ri + uzi) sin(h · rj + uzj)
(1.40)

Reorganizing the sums over melt particles and electrode atoms, it is easy to see
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that the expression for the long-range term of the energy can be written as

U lr,∗
cgµ =

1

2LxLy

∫ ∞
−∞

du
∑
k 6=0

exp
[
− |h|

2+u2

4α2

]
|h|2 + u2

×

×
[ Ne∑
i=1

Qi sin(h · ri + uzi)

Np∑
j=1

(µj · h+ uµzj ) cos(h · rj + uzj)+

−
Ne∑
i=1

Qi cos(h · ri + uzi)

Np∑
j=1

(µj · h+ uµzj ) sin(h · rj + uzj)

]
(1.41)

Since here we exploited the definition of rij , there is no sign difference with
Abel’s expression for this term when written in this form. Nonetheless, while in
the actual implementation of the code this form of the expression is very useful,
in what follows we will keep using the exponential notation

U lr,∗
cgµ = − i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k 6=0

Qi(µj · h+ uµzj )×

× exp
[
i(h · rij + uzij)

]exp
[
− |h|

2+u2

4α2

]
|h|2 + u2

(1.42)

since it is shorter to write and easier to handle for the analytic calculations.
The short-range part

U sr
cgµ = − i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k

Qi(µj · κ)

∫ η2i

α2

dt t−2 exp

[
−|κ|

2

4t
+ iκ · rij

]
(1.43)

is a bit more tricky to handle since it is necessary to go back into real space. We
first contract the integral over du exploiting the inverse of the transformation
in eq. (1.21)

U sr
cgµ = − i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k

Qi(µj · h+ µzju)×

×
∫ η2i

α2

dt t−2 exp

[
−|h|

2

4t
+ ih · rij

]
exp

[
−u

2

4t
+ iuzij

]
=

= − i
√
π

LxLy

Ne∑
i=1

Np∑
j=1

∑
k

∫ η2i

α2

dt t−
3
2 exp

[
−z2ijt

]
×

×Qi(µj · h+ 2itµzjzij) exp

[
−|h|

2

4t
+ ih · rij

]
=

(1.44)

and then we go back from a summation in reciprocal space to a summation in
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real space using eq. (1.18)

U sr
cgµ = − i

√
π

LxLy

Ne∑
i=1

Np∑
j=1

∑
k

∫ η2i

α2

dt t−
3
2 exp

[
−z2ijt

]
×

×Qi(µj · h+ 2itµzjzij) exp

[
−|h|

2

4t
+ ih · rij

]
=

= − i
√
π

LxLy

LxLy
π

Ne∑
i=1

Np∑
j=1

∑
n

∫ η2i

α2

dt t−
3
2+1 exp

[
−(rij +m)2t

]
×

×Qi(2itµxj (xij + nxLx) + 2itµyj (yij + nyLy) + 2itµzjzij) =

=
2√
π

Ne∑
i=1

Np∑
j=1

∑
n

Qi[µj · (rij +m)]

∫ η2i

α2

dt t
1
2 exp

[
−(rij +m)2t

]

(1.45)

To solve the integral we perform the substitution u2 = |rij+m|2t which implies
2udu = |rij + m|2dt for the differential and t = α2 ⇒ u = α|rij + m| and
t = η2i ⇒ u = ηi|rij +m| for the extrema. The integral in dt then becomes

∫ η2i

α2

dt t
1
2 exp

[
−|rij +m|2t

]
=

∫ ηi|rij+m|

α|rij+m|
du

2u2 exp[−u2]

|rij +m|3
=

=
2

|rij +m|3

∫ ηi|rij+m|

α|rij+m|
du u2 exp[−u2] =

=
2

|rij +m|3

[
1

4

√
π erf

[
u
]
− 1

2
u exp

[
−u2

]]ηi|rij+m|
α|rij+m|

=

=
1

2|rij +m|3

[√
π erf

[
ηi|rij +m|

]
− 2ηi|rij +m| exp

[
−η2i |rij +m|2

]
+

−
√
π erf

[
α|rij +m|

]
+ 2α|rij +m| exp

[
−α2|rij +m|2

]]
(1.46)

For numerical reasons, in the actual implementation, it is better to work with
complementary error function instead of error function. Therefore, using the
relation 1− erfc[x] = erf[x] and substituting eq. (1.46) into eq. (1.45) we obtain

U sr
cgµ =

1√
π

Ne∑
i=1

Np∑
j=1

∑
n

Qiµj · (rij +m)

|rij +m|3
×

×
[√

π erfc
[
α|rij +m|

]
+ 2α|rij +m| exp

[
−α2|rij +m|2

]
+

−
(√

π erfc
[
ηi|rij +m|

]
+ 2ηi|rij +m| exp

[
−η2i |rij +m|2

])]
(1.47)

Putting together all the pieces, the final expression for the interaction energy be-
tween the dipoles associated to point charges and Gaussian-distributed charges
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with two-dimensional periodic boundary conditions is written as

Ucgµ =

{
1√
π

Ne∑
i=1

Np∑
j=1

∑
n

Qiµj · (rij +m)

|rij +m|3
×

×
[√

π erfc
[
α|rij +m|

]
+ 2α|rij +m| exp

[
−α2|rij +m|2

]
+

−
(√

π erfc
[
ηi|rij +m|

]
+ 2ηi|rij +m| exp

[
−η2i |rij +m|2

])]}
+

+

{
− i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k 6=0

Qi(µj · h+ uµzj )×

× exp
[
i(h · rij + uzij)

]exp
[
− |h|

2+u2

4α2

]
|h|2 + u2

}
+

{
2π

LxLy

Ne∑
i=1

Np∑
j=1

Qiµ
z
j erf

[
αzij

]}
(1.48)

In MetalWalls, since Abel’s convention on rij is followed, the energy is im-
plemented with the opposite sign. See also eq. (1.5) and comments below.

1.2 Three-dimensional Periodic Boundary Con-
ditions

When periodic boundary conditions are enforced on the whole space the
vectors n and k are given by n = (nx, ny, nz) and k = (kx, ky, kz), respectively,
so that the sum in eq. (1.12) can actually be expanded as∑

n

µ · (r +m) exp
[
−(r +m)2t

]
=

=
∑
nx

∑
ny

∑
nz

[
µx(x+ nxLx) + µy(y + nyLy) + µz(z + nzLz)

]
×

× exp
[
−(x+ nxLx)2t

]
exp
[
−(y + nyLy)2t

]
exp
[
−(z + nzLz)

2t
] (1.49)

The F operator can now be applied on the rest of the expression using again
linearity of the Fourier transform and factorizability of the expression in the
three variables x, y and z to get

F
[∑
n

µ · (r +m) exp
[
−(r +m)2t

]]
=

=
∑
nx

∑
ny

∑
nz

F
[[
µx(x+ nxLx) + µy(y + nyLy) + µz(z + nzLz)

]
×

× exp
[
−(x+ nxLx)2t

]
exp
[
−(y + nyLy)2t

]
exp
[
−(z + nzLz)

2t
]]

=

= −i
1

2V

(
π3

t5

) 1
2 ∑
k

(µ · h) exp

[
−|h|

2

4t
+ ih · r

]
(1.50)
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where V = LxLyLz is the volume of the system and h = 2πk/L as before.
The final result comes from the fact that the application of the F operator

to the expression above results in the sum of three terms of the form

− i
π

3
2 t

1
2

L2
αt

2
kαµ

α exp

[
−π

2k2α
L2
αt

+ i
2πkαα

Lα

]
×

1

Lβ

(
π

t

) 1
2

exp

[
−
π2k2β
L2
βt

+ i
2πkββ

Lβ

]
×

1

Lγ

(
π

t

) 1
2

exp

[
−
π2k2γ
L2
γt

+ i
2πkγγ

Lγ

] (1.51)

where the indexes {α, β, γ} are a cyclic permutation of {x, y, z}. Each of the
three terms then contributes as

− i
1

2V

π
3
2

t
5
2

hαµ
α exp

[
−|h|

2

4t
+ ih · r

]
α ∈ {x, y, z} (1.52)

Using this formula in the expression of the energy, together with eqs. (1.7)
and (1.9) yields

Ucgµ =

Ne∑
i=1

Np∑
j=1

Qi

(η2i
π

) 3
2
∑
n

∫
R3

d3r
(rij − r +m) · µj
|rij − r +m|3

e−η
2
i |r|

2

=

= − i

8π2V

Ne∑
i=1

Np∑
j=1

Qi

∫
R3

d3r

∫ ∞
0

dt t−2×

×
∑
k

(µj · h) exp

[
−|h|

2

4t
+ ih · (rij − r)

] ∫
R3

d3v exp

[
−|v|

2

4η2i
+ iv · r

]
(1.53)

We now use the integral definition of the three-dimensional Dirac’s delta func-
tion eq. (1.24) to remove the integrals over d3r and d3v. Proceeding exactly in
the same way as the two-dimensional case we obtain

Ucgµ = −i
π

V

Ne∑
i=1

Np∑
j=1

∑
k

Qi(µj · h)

∫ ∞
0

dt t−2 exp

[
−|h|

2

4

(
1

t
+

1

η2i

)
+ ih · rij

]
(1.54)

The same change of variables performed in the two-dimensional case leads to
the expression

Ucgµ = −i
π

V

Ne∑
i=1

Np∑
j=1

∑
k

Qi(µj · h)

∫ η2i

0

dt t−2 exp

[
−|h|

2

4t
+ ih · rij

]
(1.55)

As done before, we split the contribution in long- and short-range parts, intro-
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ducing the Ewald cut-off parameter α in the integral in dt to obtain

Ucgµ =

{
−i
π

V

Ne∑
i=1

Np∑
j=1

∑
k

Qi(µj · h)

∫ α2

0

dt t−2 exp

[
−|h|

2

4t
+ ih · rij

]}
+

+

{
−i
π

V

Ne∑
i=1

Np∑
j=1

∑
k

Qi(µj · h)

∫ η2i

α2

dt t−2 exp

[
−|h|

2

4t
+ ih · rij

]}
(1.56)

To compute the short-range term we go back in real space and we obtain

U sr
cgµ =

2√
π

Ne∑
i=1

Np∑
j=1

∑
n

[Qiµj · (rij +m)]

∫ η2i

α2

dt t
1
2 exp

[
−(rij +m)2t

]
(1.57)

The integral in dt is computed as in the two-dimensional case and, after the
change of variables and the substitution erf[x]→ erfc[x], we get

U sr
cgµ =

1√
π

Ne∑
i=1

Np∑
j=1

∑
n

Qiµj · (rij +m)

|rij +m|3
×

×
[√

π erfc
[
α|rij +m|

]
+ 2α|rij +m| exp

[
−α2|rij +m|2

]
+

−
(√

π erfc
[
ηi|rij +m|

]
+ 2ηi|rij +m| exp

[
−η2i |rij +m|2

])]
(1.58)

which is indeed the same expression obtained for the two-dimensional periodic
boundary conditions case.

As for the long-range part we have that

U lr
cgµ = −i

π

V

Ne∑
i=1

Np∑
j=1

∑
k

Qi(µj · h)

∫ α2

0

dt t−2 exp

[
−|h|

2

4t
+ ih · rij

]
=

= −i
π

V

Ne∑
i=1

Np∑
j=1

∑
k

Qi(µj · h) exp
[
ih · rij

] ∫ α2

0

dt t−2 exp

[
−|h|

2

4t

] (1.59)

Again the sum over wavevectors should be split in k = 0 and k 6= 0 terms,
but this time the k = 0 can be trivially set to zero assuming a globally neutral
system. The term k 6= 0 can be written as

U lr,∗
cgµ = −i

4π

V

Ne∑
i=1

Np∑
j=1

∑
k 6=0

Qi(µj · h) exp
[
ih · rij

]exp
[
− |h|

2

4α2

]
|h|2

(1.60)

The same procedure adopted for the two-dimensional case that yielded eq. (1.41)
can be used here and the result is what will be used in the actual implementation.

Putting together the two pieces, the final expression for the interaction en-
ergy between the dipoles associated to point charges and Gaussian-distributed

15



charges with three-dimensional periodic boundary conditions is written as

Ucgµ =

{
1√
π

Ne∑
i=1

Np∑
j=1

∑
n

Qiµj · (rij +m)

|rij +m|3
×

×
[√

π erfc
[
α|rij +m|

]
+ 2α|rij +m| exp

[
−α2|rij +m|2

]
+

−
(√

π erfc
[
ηi|rij +m|

]
+ 2ηi|rij +m| exp

[
−η2i |rij +m|2

])]}
+

+

{
−i

4π

V

Ne∑
i=1

Np∑
j=1

∑
k 6=0

Qi(µj · h) exp
[
ih · rij

]exp
[
− |h|

2

4α2

]
|h|2

}
(1.61)

Again, due to the convention adopted by Abel in defining the distance rij the
expression implemented in MetalWalls will have the opposite sign compared to
this one.
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Chapter 2

Forces due to Interaction
between Electrode Charges
and Dipoles

As usual the forces are computed as minus the gradient of the potential
with respect to the spatial coordinates. This implies that, starting from the
expressions in eqs. (1.48) and (1.61), the forces are computed as

Fk(r) = −∇rkUcgµ k = 1, . . . , Np (2.1)

There are four fundamental pieces in the computation of the derivative with
respect to the nuclei positions of the energy

∇r

[
exp[i(h · r)]

]
= ih exp[i(h · r)] (2.2a)

∇r

[
(µ · r)

|r|3

]
=

1

|r|3

[
µ− 3(µ · r)

|r|2
r

]
(2.2b)

∇r

[√
π erfc

[
α|r|

]
+ 2α|r| exp

[
−α2|r‖2

]]
=

= −4α3|r| exp
[
−α2|r|2

]
r (2.2c)

∇r

[
π erf[αz]

]
= 2α

√
π exp

[
−α2z2

]
ẑ (2.2d)

where ẑ = (0, 0, 1). In the calculations that follow it is crucial to keep in mind
the notation used for the distance. Indeed, since here rij = ri−rj and since we
are consistently using the index i for the electrode charges and the index j for
the particles in the melt, we will have a minus in each expression arising from
the fact that we are considering the force acting on the melt particles and not
on electrode charges. In particular this means that, writing just for this time
rij = Ri− rj to highlight the difference, where Ri is the (fixed) position of the
i-th electrode, each function of the distance rij that we derive, will be expressed
as

∇rkf(rij) = ∇rijf(rij)∇rk(Ri − rj) = −1δ3jk∇rijf(rij) (2.3)
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2.1 Periodic Boundary Conditions on the xy-
plane.

Using eqs. (2.2) it is possible to compute the contribution to the forces on
the melt due to the interaction term between the electrode charges and the
dipoles in the system. To lighten the notation we divide the computation in
the different contributions as for the computation of the energy so that Ucgµ =
U lr,∗
cgµ + U lr,0

cgµ + U sr
cgµ . Taking the gradient of each term we obtain

−∇rkU
lr,∗
cgµ = −∇rk

{
− i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k 6=0

Qi(µj · h+ uµzj )×

× exp
[
i(h · rij + uzij)

]exp
[
− |h|

2+u2

4α2

]
|h|2 + u2

}
=

=

{
− (h+ uẑ)

LxLy

1

2

Ne∑
i=1

∫ ∞
−∞

du
∑
k 6=0

Qi(µk · h+ uµzk)×

× exp
[
i(h · rik + uzik)

]exp
[
− |h|

2+u2

4α2

]
|h|2 + u2

}
(2.4)

−∇rkU
lr,0
cgµ = −∇rk

{
2π

LxLy

Ne∑
i=1

Np∑
j=1

Qiµ
z
j erf

[
αzij

]}
=

=

{
−4α

√
π

LxLy

Ne∑
i=1

Qiµ
z
k exp

[
−α2z2ik

]
ẑ

} (2.5)
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The short-range contribution is more complex as it is the product of two func-
tions of the distance. The rule for the derivative of a product yields

−∇rkU
sr
cgµ = −∇rk

{
1√
π

Ne∑
i=1

Np∑
j=1

∑
n

Qiµj · (rij +m)

|rij +m|3
×

×
[√

π erfc
[
α|rij +m|

]
+ 2α|rij +m| exp

[
−α2|rij +m|2

]
+

−
(√

π erfc
[
ηi|rij +m|

]
+ 2ηi|rij +m| exp

[
−η2i |rij +m|2

])]}
=

=

{
− 1√

π

Ne∑
i=1

Np∑
j=1

∑
n

∇rk

[
Qiµk · (rik +m)

|rik +m|3

]
×

×
[√

π erfc
[
α|rik +m|

]
+ 2α|rik +m| exp

[
−α2|rik +m|2

]
+

−
(√

π erfc
[
ηi|rik +m|

]
+ 2ηi|rik +m| exp

[
−η2i |rik +m|2

])]}
+

+

{
− 1√

π

Ne∑
i=1

Np∑
j=1

∑
n

Qiµk · (rik +m)

|rik +m|3
×

×∇rk

[√
π erfc

[
α|rik +m|

]
+ 2α|rik +m| exp

[
−α2|rik +m|2

]
+

−
(√

π erfc
[
ηi|rik +m|

]
+ 2ηi|rik +m| exp

[
−η2i |rik +m|2

])]}
(2.6)

Solving separately the two terms in curly brackets we have

−∇rkU
sr
cgµ =

{
1√
π

Ne∑
i=1

∑
n

Qi
|rik +m|3

[
µk −

3[µk · (rik +m)]

|rik +m|2
(rik +m)

]
×

×
[√

π erfc
[
α|rik +m|

]
+ 2α|rik +m| exp

[
−α2|rik +m|2

]
+

−
(√

π erfc
[
ηi|rik +m|

]
+ 2ηi|rik +m| exp

[
−η2i |rik +m|2

])]
+

+
1√
π

Ne∑
i=1

∑
n

Qiµk · (rik +m)

|rik +m|3

[
4η3i |rik +m| exp

[
−η2i |rik +m|2

]
+

− 4α3|rik +m| exp
[
−α2|rik +m|2

]]
(rik +m)

}
(2.7)
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So that the final expression for the force when periodic boundary conditions are
enforced on the xy-plane is given by

Fk = −∇rkUcgµ =

{
1√
π

Ne∑
i=1

∑
n

Qi
|rik +m|3

[
µk −

3[µk · (rik +m)]

|rik +m|2
(rik +m)

]
×

×
[√

π erfc
[
α|rik +m|

]
+ 2α|rik +m| exp

[
−α2|rik +m|2

]
+

−
(√

π erfc
[
ηi|rik +m|

]
+ 2ηi|rik +m| exp

[
−η2i |rik +m|2

])]
+

+
4√
π

Ne∑
i=1

∑
n

Qiµk · (rik +m)

|rik +m|2

[
η3i exp

[
−η2i |rik +m|2

]
− α3 exp

[
−α2|rik +m|2

]]
(rik +m)

}
+

+

{
− (h+ uẑ)

LxLy

1

2

Ne∑
i=1

∫ ∞
−∞

du
∑
k 6=0

Qi(µk · h+ uµzk) exp
[
i(h · rik + uzik)

]exp
[
− |h|

2+u2

4α2

]
|h|2 + u2

}
+

+

{
−4α

√
π

LxLy

Ne∑
i=1

Qiµ
z
k exp

[
−α2z2ik

]
ẑ

}
(2.8)

2.2 Three-dimensional Periodic Boundary Con-
ditions

The same procedure can be applied to the case when three dimensional
periodic boundary conditions are enforced. The only differences with respect to
two-dimensional case are given by the k = 0 term, which is absent in this case
and by the prefactor of the long-range, k 6= 0 terms. The definition of the k
vector is also different from the case of 2D-PBC and the integral in du is not
present. For this system set-up, the forces on the melt are given by

Fk = −∇rkUcgµ =

{
− 1√

π

Ne∑
i=1

∑
n

Qi
|rik +m|3

[
µk −

3[µk · (rik +m)]

|rik +m|2
(rik +m)

]
×

×
[√

π erfc
[
α|rik +m|

]
+ 2α|rik +m| exp

[
−α2|rik +m|2

]
+

−
(√

π erfc
[
ηi|rik +m|

]
+ 2ηi|rik +m| exp

[
−η2i |rik +m|2

])]
+

+ 4
Qiµk · (rik +m)

|rik +m|2

[
η3i exp

[
−η2i |rik +m|2

]
− α3 exp

[
−α2|rik +m|2

]]
(rik +m)

}
+

+

{
−4π

V

Ne∑
i=1

∑
k 6=0

Qi(µk · h)h exp
[
i(h · rik)

]exp
[
− |h|

2

4α2

]
|h|2

}
+

(2.9)
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Chapter 3

Electric Fields and
Potentials due to
Interaction between
Electrode Charges and
Dipoles

The dynamics of the auxiliary variables, i.e. dipole moments µ and (inte-
grated) electrode charges Q, is generated enforcing a minimum condition on the
energy. In particular we want that the gradient with respect to the auxiliary
variables of the energy is equal to 0, which means to find the value of µ and
Q such that the energy is at a minimum given the positions of the melt and of
the electrodes. In this section we will therefore write the explicit expressions
for the quantities Ek = −∇µkUcgµ with k = 1, . . . , Np and Vk = ∂QkUcgµ with
k = 1, . . . , Ne, which represent the electric field generated by the whole system
to the k-th atom of the melt and the potential generated by the whole system
on the k-th electrode atom, respectively. Being the energy quadratic in these
variables, the expressions of the derivatives will be much easier to compute
compared to the previous ones.
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3.1 Periodic Boundary Conditions on the xy-
plane.

We now give the expressions for the potential and the electric field generated
by a system which is only periodic in the xy-plane

3.1.1 Potential

∂

∂Qk
Ucgµ =

∂

∂Qk

{
1√
π

Ne∑
i=1

Np∑
j=1

∑
n

Qiµj · (rij +m)

|rij +m|3
×

×
[√

π erfc
[
α|rij +m|

]
+ 2α|rij +m| exp

[
−α2|rij +m|2

]
+

−
(√

π erfc
[
ηi|rij +m|

]
+ 2ηi|rij +m| exp

[
−η2i |rij +m|2

])]}
+

+
∂

∂Qk

{
− i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k 6=0

Qi(µj · h+ uµzj )×

× exp
[
i(h · rij + uzij)

]exp
[
− |h|

2+u2

4α2

]
|h|2 + u2

}
+

+
∂

∂Qk

{
2π

LxLy

Ne∑
i=1

Np∑
j=1

Qiµ
z
j erf

[
αzij

]}
=

=

{
1√
π

Np∑
j=1

∑
n

µj · (rkj +m)

|rkj +m|3
×

×
[√

π erfc
[
α|rkj +m|

]
+ 2α|rkj +m| exp

[
−α2|rkj +m|2

]
+

−
(√

π erfc
[
ηk|rkj +m|

]
+ 2ηk|rkj +m| exp

[
−η2k|rkj +m|2

])]}
+

+

{
− i

LxLy

1

2

Np∑
j=1

∫ ∞
−∞

du
∑
k 6=0

(µj · h+ uµzj )×

× exp
[
i(h · rkj + uzkj)

]exp
[
− |h|

2+u2

4α2

]
|h|2 + u2

}
+

{
2π

LxLy

Np∑
j=1

µzj erf
[
αzkj

]}
(3.1)
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3.1.2 Electric Field

−∇µkUcgµ = −∇µk

{
1√
π

Ne∑
i=1

Np∑
j=1

∑
n

Qiµj · (rij +m)

|rij +m|3
×

×
[√

π erfc
[
α|rij +m|

]
+ 2α|rij +m| exp

[
−α2|rij +m|2

]
+

−
(√

π erfc
[
ηi|rij +m|

]
+ 2ηi|rij +m| exp

[
−η2i |rij +m|2

])]}
+

−∇µk

{
− i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k 6=0

Qi(µj · h+ uµzj )×

× exp
[
i(h · rij + uzij)

]exp
[
− |h|

2+u2

4α2

]
|h|2 + u2

}
+

−∇µk

{
2π

LxLy

Ne∑
i=1

Np∑
j=1

Qiµ
z
j erf

[
αzij

]}
=

=

{
− 1√

π

Ne∑
i=1

∑
n

Qi(rik +m)

|rik +m|3
×

×
[√

π erfc
[
α|rik +m|

]
+ 2α|rik +m| exp

[
−α2|rik +m|2

]
+

−
(√

π erfc
[
ηi|rik +m|

]
+ 2ηi|rik +m| exp

[
−η2i |rik +m|2

])]}
+

+

{
i

LxLy

1

2

Ne∑
i=1

∫ ∞
−∞

du
∑
k 6=0

Qi(h+ uẑ)×

× exp
[
i(h · rik + uzik)

]exp
[
− |h|

2+u2

4α2

]
|h|2 + u2

}
+

+

{
− 2π

LxLy

Ne∑
i=1

Qi erf
[
αzik

]
ẑ

}
(3.2)
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3.2 Three-dimensional Periodic Boundary Con-
ditions

The same approach can be used when periodic boundary conditions are
enforced in the three direction of space.

3.2.1 Potential

∂

∂Qk
Ucgµ =

∂

∂Qk

{
1√
π

Ne∑
i=1

Np∑
j=1

∑
n

Qiµj · (rij +m)

|rij +m|3
×

×
[√

π erfc
[
α|rij +m|

]
+ 2α|rij +m| exp

[
−α2|rij +m|2

]
+

−
(√

π erfc
[
ηi|rij +m|

]
+ 2ηi|rij +m| exp

[
−η2i |rij +m|2

])]}
+

+
∂

∂Qk

{
−i

4π

V

Ne∑
i=1

Np∑
j=1

∑
k 6=0

Qi(µj · h) exp
[
ih · rij

]exp
[
− |h|

2

4α2

]
|h|2

}
=

=

{
1√
π

Np∑
j=1

∑
n

µj · (rkj +m)

|rkj +m|3
×

×
[√

π erfc
[
α|rkj +m|

]
+ 2α|rkj +m| exp

[
−α2|rkj +m|2

]
+

−
(√

π erfc
[
ηk|rkj +m|

]
+ 2ηk|rkj +m| exp

[
−η2k|rkj +m|2

])]}
+

+

{
−i

4π

V

Np∑
j=1

∑
k 6=0

(µj · h) exp
[
ih · rkj

]exp
[
− |h|

2

4α2

]
|h|2

}
(3.3)
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3.2.2 Electric Field

−∇µkUcgµ = −∇µk

{
1√
π

Ne∑
i=1

Np∑
j=1

∑
n

Qiµj · (rij +m)

|rij +m|3
×

×
[√

π erfc
[
α|rij +m|

]
+ 2α|rij +m| exp

[
−α2|rij +m|2

]
+

−
(√

π erfc
[
ηi|rij +m|

]
+ 2ηi|rij +m| exp

[
−η2i |rij +m|2

])]}
+

−∇µk

{
−i

4π

V

Ne∑
i=1

Np∑
j=1

∑
k 6=0

Qi(µj · h) exp
[
ih · rij

]exp
[
− |h|

2

4α2

]
|h|2

}
=

=

{
− 1√

π

Ne∑
i=1

∑
n

Qi(rik +m)

|rik +m|3
×

×
[√

π erfc
[
α|rik +m|

]
+ 2α|rik +m| exp

[
−α2|rik +m|2

]
+

−
(√

π erfc
[
ηi|rik +m|

]
+ 2ηi|rik +m| exp

[
−η2i |rik +m|2

])]}
+

+

{
i
4π

V

Ne∑
i=1

∑
k 6=0

Qih exp
[
ih · rik

]exp
[
− |h|

2

4α2

]
|h|2

}
(3.4)
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Chapter 4

Gradient of the Constraints
due to Interaction between
Electrode Charges and
Dipoles

To exploit the massless shake method to compute electrode charges and
dipoles, it is necessary to compute the Hessian of the energy. The expres-
sion of the tensor due to the interaction between electrode charges and dipoles
∂Qh∇µkUcgµ for h = 1, . . . , Ne and k = 1, . . . , Np is reported below for the case
of periodic boundary conditions on the xy plane and for the three-dimensional
case [SCHWARTZ THEOREM].
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4.1 Periodic Boundary Conditions on the xy-
plane.

∂

∂Qh
∇µkUcgµ =

∂

∂Qh
∇µk

{
1√
π

Ne∑
i=1

Np∑
j=1

∑
n

Qiµj · (rij +m)

|rij +m|3
×

×
[√

π erfc
[
α|rij +m|

]
+ 2α|rij +m| exp

[
−α2|rij +m|2

]
+

−
(√

π erfc
[
ηi|rij +m|

]
+ 2ηi|rij +m| exp

[
−η2i |rij +m|2

])]}
+

∂

∂Qh
∇µk

{
− i

LxLy

1

2

Ne∑
i=1

Np∑
j=1

∫ ∞
−∞

du
∑
k 6=0

Qi(µj · h+ uµzj )×

× exp
[
i(h · rij + uzij)

]exp
[
− |h|

2+u2

4α2

]
|h|2 + u2

}
+

∂

∂Qh
∇µk

{
2π

LxLy

Ne∑
i=1

Np∑
j=1

Qiµ
z
j erf

[
αzij

]}
=

=

{
1√
π

∑
n

(rhk +m)

|rhk +m|3
×

×
[√

π erfc
[
α|rhk +m|

]
+ 2α|rhk +m| exp

[
−α2|rhk +m|2

]
+

−
(√

π erfc
[
ηh|rhk +m|

]
+ 2ηh|rhk +m| exp

[
−η2h|rhk +m|2

])]}
+

+

{
− i

LxLy

1

2

∫ ∞
−∞

du
∑
k 6=0

(h+ uẑ)×

× exp
[
i(h · rhk + uzhk)

]exp
[
− |h|

2+u2

4α2

]
|h|2 + u2

}
+

{
2π

LxLy
erf
[
αzhk

]
ẑ

}
(4.1)
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4.2 Three-dimensional Periodic Boundary Con-
ditions

∂

∂Qh
∇µkUcgµ =

∂

∂Qh
∇µkUcgµ =

{
1√
π

Ne∑
i=1

Np∑
j=1

∑
n

Qiµj · (rij +m)

|rij +m|3
×

×
[√

π erfc
[
α|rij +m|

]
+ 2α|rij +m| exp

[
−α2|rij +m|2

]
+

−
(√

π erfc
[
ηi|rij +m|

]
+ 2ηi|rij +m| exp

[
−η2i |rij +m|2

])]}
+

+
∂

∂Qh
∇µk

{
−i

4π

V

Ne∑
i=1

Np∑
j=1

∑
k 6=0

Qi(µj · h) exp
[
ih · rij

]exp
[
− |h|

2

4α2

]
|h|2

}
=

=

{
1√
π

∑
n

(rhk +m)

|rhk +m|3
×

×
[√

π erfc
[
α|rhk +m|

]
+ 2α|rhk +m| exp

[
−α2|rhk +m|2

]
+

−
(√

π erfc
[
ηh|rhk +m|

]
+ 2ηh|rhk +m| exp

[
−η2h|rhk +m|2

])]}
+

+

{
−i

4π

V

∑
k 6=0

h exp
[
ih · rhk

]exp
[
− |h|

2

4α2

]
|h|2

}
(4.2)
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