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1 Electrostatics with 2D periodic boundary

conditions

The ions in the bulk of the system have a point charge distribution,

ρi(r) ≡ qiδ(r − ri) (1)

where ri and qi are the position and the integral charge of the ion i, respec-
tively, and δ(r) is the Dirac delta function.

The atoms on the electrodes are modeled with a gaussian charge distri-
bution,

ρi(r) ≡ Qi

(
η2

π

)3/2

e−η
2|r−ri|2 (2)

where ri and Qi are the position and the integral charge of the atom i,
respectively, and η is a model parameter.

The simulation cell is an orthombic box with dimensions a, b and c in
the x, y and z direction, respectively. 2D periodic boundary conditions are
applied in the xy-plane. The position of an ion or atom i in the simulation
box can be expressed by ri = (xi, yi, zi), where 0 ≤ xi < a, 0 ≤ yi < b and
0 ≤ zi < c.

We define ξi ≡ (xi, yi, 0) the projection of ri in the xy-plane. Then we
can write ri = ξi + ziz.

We define the distance between two charges i and j by rij ≡ rj − ri.
We define the lattice vector n ≡ (nxa, nyb, 0), where nx, ny ∈ Z and the

reciprocal lattice vector k ≡ (kx
2π
a
, ky

2π
b
, 0), where kx, ky ∈ Z.

1.1 Coulomb Energy

The total energy of the system due to Coulomb interaction is given by

Uc =
1

2

Npoint∑
i=1

Npoint∑
j=1

∑′

n

qiqj
|rij + n|

(3)

+

Nelec∑
e=1

Npoint∑
i=1

Ne∑
j=1

∑
n

∫
R3

dr′′
(
η2e
π

)3/2
qiQje

|rije + r′′ + n|
e−η

2
e |r′′|2

+
1

2

Nelec∑
e′=1

Ne′∑
ie′=1

Nelec∑
e′′=1

Ne′′∑
je′′=1

∑
n

∫
R3

dr′
∫
R3

dr′′
(ηe′ηe′′

π

)3 Qie′
e−η

2
e′ |r

′|2Qje′′
e−η

2
e′′ |r

′′|2

|rie′je′′ + r′′ − r′ + n|
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We define the intermediate quantities,

Ucpp =
1

2

Npoint∑
i=1

Npoint∑
j=1

∑′

n

qiqj
|rij + n|

(4)

Ucpg =

Nelec∑
e=1

Npoint∑
i=1

Ne∑
j=1

∑
n

∫
R3

dr′′
(
η2e
π

)3/2
qiQje

|rije + r′′ + n|
e−η

2
e |r′′|2 (5)

Ucgg =
1

2

Nelec∑
e′=1

Ne′∑
ie′=1

Nelec∑
e′′=1

Ne′′∑
je′′=1

∑
n

∫
R3

dr′
∫
R3

dr′′
(ηe′ηe′′

π

)3 Qie′
e−η

2
e′ |r

′|2Qje′′
e−η

2
e′′ |r

′′|2

|rie′je′′ + r′′ − r′ + n|
(6)

1.2 Point charges system

First we consider only a system of point-charges. The energy is given by

Ucpp =
1

2

∑
i,j

∑′

n

qiqj
|rij + n|

(7)

The sum over the lattice vector n is slowly convergent. In order to speed
up the numerical calculation, the sum will be split into a short-range and
long-range contributions. This is achieved by representing |rij + n|−1 as an
integral over a dummy variable via the identity

1

r
=

1√
π

∫ ∞
0

dt t−1/2e−r
2t (8)

Using Equation (8) into Equation (7) yields:

Ucpp =
1

2
√
π

∑
i,j

qiqj
∑′

n

∫ ∞
0

dt t−1/2e−|rij+n|
2t (9)

The integral over the dummy variable t may be split up into two parts cor-
responding to short-range and long-range contributions of 1/r:

Ucpp =
1

2
√
π

∑
i,j

qiqj
∑′

n

∫ ∞
α2

dt t−1/2e−|rij+n|
2t (10)

+
1

2
√
π

∑
i,j

qiqj
∑′

n

∫ α2

0

dt t−1/2e−|rij+n|
2t
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The short-range term can be directly computed with the substitution t =
u2|rij + n|2:

U sr
cpp =

1

2

∑
i,j

qiqj
∑′

n

1√
π

∫ ∞
α2

dt t−1/2e−|rij+n|
2t (11)

=
1

2

∑
i,j

qiqj
∑′

n

2√
π

∫ ∞
α|rij+n|

du |rij + n|−1e−u2

=
1

2

∑
i,j

qiqj
∑′

n

erfc (α|rij + n|)
|rij + n|

The long-range interaction term will be treated in Fourier space. For this we
will use the Poisson summation formula:

∞∑
n=−∞

e−(x+na)
2t =

1

a

(π
t

)1/2 ∞∑
k=−∞

e−
π2k2

a2t
+i 2πkx

a (12)

However, in order to be able to do this, we need complete periodicity and the
sum needs to include the terms with i = j and n = 0. These self-interaction
terms will be computed separately and subtracted from the value computed
with the Fourier sums. First we compute the long-range term:

U lr
cpp =

1

2

∑
i,j

qiqj
∑
n

1√
π

∫ α2

0

dt t−1/2e−|rij+n|
2t (13)

=

√
π

2ab

∑
i,j

qiqj
∑
k

∫ α2

0

dt t−3/2e−z
2
ijte−

|k|2
4t

+ik·ξij

The term with k = 0 in the sum needs to be treated separately from the
other terms. Thus we split the sum into two terms, U lr,∗

cpp and U lr,0
cpp :

U lr,∗
cpp ≡

√
π

2ab

∑
i,j

qiqj
∑
k 6=0

∫ α2

0

dt t−3/2e−z
2
ijte−

|k|2
4t

+ik·ξij (14)

U lr,0
cpp ≡

√
π

2ab

∑
i,j

qiqj

∫ α2

0

dt t−3/2e−z
2
ijt (15)

Again we use a Fourier transform expression to write the e−zij
2t term as

an integral over a dummy variable, since

e−z
2
ijt =

1

2
√
πt

∫ +∞

−∞
du e−

u2

4t
+iuzij (16)
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U lr,∗
cpp =

1

4ab

∑
i,j

qiqj
∑
k 6=0

∫ α2

0

dt

∫ ∞
−∞

du t−2e−
|k|2+u2

4t
+i(k·ξij+uzij) (17)

=
1

4ab

∑
i,j

qiqj
∑
k 6=0

∫ ∞
−∞

du ei(k·ξij+uzij)
[

4

|k|2 + u2
e−

|k|2+u2
4t

]α2

0

=
1

ab

∑
i,j

qiqj
∑
k 6=0

∫ ∞
−∞

du ei(k·ξij+uzij)
1

|k|2 + u2
e−

|k|2+u2

4α2

=
1

ab

∑
i,j

qiqj
∑
k 6=0

∫ ∞
−∞

du
cos (k · ξij + uzij)

|k|2 + u2
e−

|k|2+u2

4α2

In order to simplify the term U lr,0
cpp , we use integration by parts and make the

hypothesis that the system of point-charges is charge neutral.

U lr,0
cpp =

√
π

2ab

∑
i,j

qiqj

∫ α2

0

dt t−3/2e−z
2
ijt (18)

=

√
π

2ab

∑
i,j

qiqj

([
−2t−1/2e−z

2
ijt
]α2

0
− 2z2ij

∫ α2

0

dt t−1/2e−z
2
ijt

)

= −
√
π

ab

∑
i,j

qiqj

(
e−z

2
ijα

2

α
+
√
π|zij| erf(α|zij|)

)
Now we need to compute the self-interaction term to be able to subtract it
from the long-range contribution:

U self
cpp =

1

2

∑
i

q2i
1√
π

∫ α2

0

dt t−1/2 (19)

=
α√
π

∑
i

q2i

Putting it all together, we have:

Ucpp =
1

2

∑
i,j

qiqj
∑′

n

erfc (α|rij + n|)
|rij + n|

(20)

+
1

ab

∑
i,j

qiqj
∑
k 6=0

∫ ∞
−∞

du
cos (k · ξij + uzij)

|k|2 + u2
e−

|k|2+u2

4α2

−
√
π

ab

∑
i,j

qiqj

(
e−z

2
ijα

2

α
+
√
π|zij| erf(α|zij|)

)
− α√

π

∑
i

q2i
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1.3 Gaussian charges system

Now we consider only a system of gaussian charges. The energy is given
by

Ucgg =
1

2

∑
i,j

QiQj

∑
n

∫
R3

dr′
∫
R3

dr′′
(ηiηj
π

)3 e−η
2
i |r′|2e−η

2
j |r′′|2

|rij + r′′ − r′ + n|
(21)

The sum over the lattice vector n is slowly convergent. In order to speed up
the numerical calculation, the sum will be split into a short-range and long-
range contributions. This is achieved by representing |rij + r′′ − r′ + n|−1
as an integral over a dummy variable via the identity

1

r
=

1√
π

∫ ∞
0

dt t−1/2e−r
2t (22)

Using Equation (22) into Equation (21) yields:

Ucgg =
1

2
√
π

∑
i,j

QiQj

∑
n

∫
R3

dr′
∫
R3

dr′′
∫ ∞
0

dt
(ηiηj
π

)3
e−η

2
i |r′|2e−η

2
j |r′′|2t−1/2e−|rij+r

′′−r′+n|2t

(23)

Additionally, we use the following identity to express the gaussian exponen-
tials as integrals over dummy variables:

exp(−η2|r|2) = (2π)−3
π3/2

η3

∫
R3

exp

(
−|v|

2

4η2
+ iv · r

)
dv (24)

Using Equation (24) further yields

Ucgg =
1

2
√
π

∑
i,j

QiQj

∑
n

∫
R3

dr′
∫
R3

dr′′
∫ ∞
0

dt t−1/2 (25)

× e−|rij+r′′−r′+n|2t

× (2π)−3
∫
R3

exp

(
−|v|

2

4η2i
+ iv · r′

)
dv

× (2π)−3
∫
R3

exp

(
−|w|

2

4η2j
+ iw · r′′

)
dw
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And using Poisson summation formula (Equation (12)) yields:

Ucgg =
1

2
√
π

∑
i,j

QiQj

∑
k

∫
R3

dr′
∫
R3

dr′′
∫ ∞
0

dt t−1/2 (26)

× e−(zij+z′′−z′)2t

× 1

ab

π

t
e−

|k|2
4t

+ik·(ξij+ξ′′−ξ′)

× (2π)−3
∫
R3

exp

(
−|v|

2

4η2i
+ iv · r′

)
dv

× (2π)−3
∫
R3

exp

(
−|w|

2

4η2j
+ iw · r′′

)
dw

Using Equation (16) on the exponential term in zij + z′′ − z′ yields:

Ucgg =
1

2
√
π

∑
i,j

QiQj

∑
k

∫
R3

dr′
∫
R3

dr′′
∫ ∞
0

dt t−1/2 (27)

× 1

2
√
πt

∫ ∞
−∞

du e−
u2

4t
+iu(zij+z

′′−z′)

× 1

ab

π

t
e−

|k|2
4t

+ik·(ξij+ξ′′−ξ′)

× (2π)−3
∫
R3

exp

(
−|v|

2

4η2i
+ iv · r′

)
dv

× (2π)−3
∫
R3

exp

(
−|w|

2

4η2j
+ iw · r′′

)
dw

Grouping terms in r′ and in r′′ together yields two integral formulas of the
δ-function, where we defined κ ≡ k + uz

Ucgg =
(2π)−6

4ab

∑
i,j

QiQj

∑
k

∫
R3

dr

∫
R3

dw

∫ ∞
−∞

du

∫ ∞
0

dt t−2 (28)

× e−
|κ|2
4t

+iκ·rij

× exp

(
−|v|

2

4η2i
− |w|

2

4η2j

)
×
∫
R3

exp (+i(v − κ) · r′) dr′

×
∫
R3

exp (+i(w + κ) · r′′) dr′′
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Using the integral formula for Dirac δ-function,

1

2π

∫ ∞
−∞

dx exp (i(k − k′)x) = δ(k − k′) (29)

we can simplify the expression of Ucgg , with ηij ≡ ηiηj√
η2i+η

2
j

:

Ucgg =
1

4ab

∑
i,j

QiQj

∑
k

∫ ∞
−∞

du

∫ ∞
0

dt t−2 (30)

× exp

(
−|κ|

2

4t
+ iκ · rij

)
exp

(
−|κ|

2

4η2ij

)

Before going forward and splitting the energy term into short-range and long-

range contributions, we apply the substitution t′ =
η2ijt

t+η2ij
:

Ucgg =
1

4ab

∑
i,j

QiQj

∑
k

∫ ∞
−∞

du

∫ η2ij

0

dt′ t′−2 exp

(
−|κ|

2

4t′
+ iκ · rij

)
(31)

The integral over the dummy variable t may be split up into two parts
corresponding to short-range and long-range contributions of 1/r:

Ucgg =
1

4ab

∑
i,j

QiQj

∑
k

∫ ∞
−∞

du

∫ α2

0

dt′ t′−2 exp

(
−|κ|

2

4t′
+ iκ · rij

)
(32)

+
1

4ab

∑
i,j

QiQj

∑
k

∫ ∞
−∞

du

∫ η2ij

α2

dt′ t′−2 exp

(
−|κ|

2

4t′
+ iκ · rij

)
In order to compute the short-range term we need first to revert back to real
space:

U sr
cgg =

1

4ab

∑
i,j

QiQj

∑
k

∫ ∞
−∞

du

∫ η2ij

α2

dt′ t′−2 exp

(
−|κ|

2

4t′
+ iκ · rij

)
(33)

=
1

2
√
π

∑
i,j

QiQj

∑
n

∫ η2ij

α2

dt′ t′−1/2e−|rij+n|
2t
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The real-space terms are computed through the substitution t = u2|rij +n|2:

U sr
cgg =

1√
π

∑
i,j

QiQj

∑′

n

∫ ηij |rij+n|

α|rij+n|
du |rij + n|−1e−u2 (34)

=
1

2

∑
i,j

QiQj

∑′

n

|rij + n|−1 (erfc(α|rij + n|)− erfc(ηij|rij + n|))

The long-range interaction term will be treated in Fourier space.

U lr
cgg =

1

4ab

∑
i,j

QiQj

∑
k

∫ ∞
−∞

du

∫ α2

0

dt′ t′−2 exp

(
−|κ|

2

4t′
+ iκ · rij

)
(35)

This expression is identical to the one computed for a point charge system.
Therefore, we use the same decomposition between the k = 0 term and the
other terms and get the same expression:

U lr,∗
cgg =

1

ab

∑
i,j

QiQj

∑
k 6=0

∫ ∞
−∞

du
cos (k · ξij + uzij)

|k|2 + u2
e−

|k|2+u2

4α2 (36)

U lr,0
cgg = −

√
π

ab

∑
i,j

QiQj

(
e−z

2
ijα

2

α
+
√
π|zij| erf(α|zij|)

)

The self-interaction term can be collectively taken into account as:

U self
cgg =

1

2
√
π

∑
i

Q2
i

∫ η2ij

α2

dt′ t′−1/2 (37)

=
1√
π

∑
i

Q2
i

(
ηi√

2
− α

)
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Putting it all together, we have:

Ucgg =
1

2

∑
i,j

QiQj

∑′

n

|rij + n|−1 (erfc(α|rij + n|)− erfc(ηij|rij + n|))

(38)

+
1

ab

∑
i,j

QiQj

∑
k 6=0

∫ ∞
−∞

du
cos (k · ξij + uzij)

|k|2 + u2
e−

|k|2+u2

4α2

−
√
π

ab

∑
i,j

QiQj

(
e−z

2
ijα

2

α
+
√
π|zij| erf(α|zij|)

)

+
1√
π

∑
i

Q2
i

(
ηi√

2
− α

)

1.4 Gaussian charges and Point charges system

In a system where gaussian charges and point charges are in interaction,
the Coulomb energy can be computed in an entirely analogous manner. We
make the assumption of charge neutrality in each such sub-system. The total
energy of the system is the sum of the energy of the point charges subsystem,
the energy of the gaussian charges subsystem and the interaction energy
between the 2 subsystems. From the two previous sections we already know
the first two terms of the energy. In this section, we compute the interaction
energy.

Ucpg =
∑
i,j

∑
n

∫
R3

dr′′
(
η2j
π

)3/2
qiQj

|rij + r′′ + n|
e−η

2
j |r′′|2 (39)

Ucpg =
∑
i,j

qiQj

∑
n

|rij + n|−1 (erfc(α|rij + n|)− erfc(ηj|rij + n|))

(40)

+
2

ab

∑
i,j

qiQj

∑
k 6=0

∫ ∞
−∞

du
cos (k · ξij + uzij)

|k|2 + u2
e−

|k|2+u2

4α2

− 2
√
π

ab

∑
i,j

qiQj

(
e−z

2
ijα

2

α
+
√
π|zij| erf(α|zij|)

)

1.5 Evaluating the charges on the electrodes

The Coulomb potential at site i in electrode e is ∂Uc
∂Qie

. When considering
a system which is coupled to external electrodes, capable of sourcing or sink-
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ing charge to maintain a constant potential Ve, the equipotential constraint
becomes

∂Uc
Qie

= Ve (41)

Put another way, the charges rearrange themselves to minimize

UT = Uc −
Nelec∑
e=1

Ne∑
i=1

VeQie (42)

The second term represents the interaction between the charges on the
metal and the external system holding the metal at the potentials Ve . Equa-
tion (42) is satisfied when UT is minimized with respect to the Qie ’s since
the energy minimization implies ∂UT

∂Qie
= 0.

The energy UT can be cast into a quadratic form:

UT =
1

2
QTAQ− bTQ+ c (43)

whereQ and b are vectors of sizeNgauss =
∑

e=1NelecNe, A is anNgauss×Ngauss

matrix and c is a scalar. Introducing the notation from the previous sections,
we can see that:

1

2
QTAQ = Ucgg (44)

bTQ = V TQ− Ucpg (45)

c = Ucpp (46)

A is a symmetric positive-definite matrix (provided that η is chosen large
enough) and therefore there exists a single minimum vector Q to Equation
(43). The minimum energy is obtained for the vector Q satisfying the rela-
tionship AQ = b. In order to be able to use an iterative method to find the
appropriate value of Q we need to be able to compute AQ and b. This is

10



easily obtained from the results of the previous sections:

AQi =
∑
j

Qj

∑′

n

|rij + n|−1 (erfc(α|rij + n|)− erfc(ηij|rij + n|))

(47)

+
2

ab

∑
j

Qj

∑
k 6=0

∫ ∞
−∞

du
cos (k · ξij + uzij)

|k|2 + u2
e−

|k|2+u2

4α2

− 2
√
π

ab

∑
j

Qj

(
e−z

2
ijα

2

α
+
√
π|zij| erf(α|zij|)

)

+
2√
π
Qi

(
ηi√

2
− α

)
bi = Vi (48)

−
∑
j

qj
∑
n

|rij + n|−1 (erfc(α|rij + n|)− erfc(ηj|rij + n|))

− 2

ab

∑
j

qj
∑
k 6=0

∫ ∞
−∞

du
cos (k · ξij + uzij)

|k|2 + u2
e−

|k|2+u2

4α2

+
2
√
π

ab

∑
j

qj

(
e−z

2
ijα

2

α
+
√
π|zij| erf(α|zij|)

)
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1.6 Forces on the mobile point charges

Fcpp,i = −∇iUcpp (49)

Fcpp,i,x = −
∑
j

qiqj
∑′

n

(
2α√
π
e−α

2|rij+n|2 +
erfc(α|rij + n|)
|rij + n|

)
xij + nxa

|rij + n|2

(50)

− 2

ab

∑
j

qiqj
∑
k 6=0

∫ ∞
−∞

du
2πkx
a

sin (k · ξij + uzij)

|k|2 + u2
e−

|k|2+u2

4α2

Fcpp,i,y = −
∑
j

qiqj
∑′

n

(
2α√
π
e−α

2|rij+n|2 +
erfc(α|rij + n|)
|rij + n|

)
yij + nyb

|rij + n|2

(51)

− 2

ab

∑
j

qiqj
∑
k 6=0

∫ ∞
−∞

du
2πky
b

sin (k · ξij + uzij)

|k|2 + u2
e−

|k|2+u2

4α2

Fcpp,i,z = −
∑
j

qiqj
∑′

n

(
2α√
π
e−α

2|rij+n|2 +
erfc(α|rij + n|)
|rij + n|

)
zij

|rij + n|2

(52)

− 2

ab

∑
j

qiqj
∑
k 6=0

∫ ∞
−∞

du u
sin (k · ξij + uzij)

|k|2 + u2
e−

|k|2+u2

4α2

− 2π

ab

∑
j

qiqj erf(αzij)
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Fcpg,i = −∇iUcpg (53)

Fcpg,i,x = −
∑
j

qiQj

∑
n

(
2α√
π
e−α

2|rij+n|2 +
erfc(α|rij + n|)
|rij + n|

)
xij + nxa

|rij + n|2

(54)

+
∑
j

qiQj

∑
n

(
2ηj√
π
e−η

2
j |rij+n|2 +

erfc(ηj|rij + n|)
|rij + n|

)
xij + nxa

|rij + n|2

− 2

ab

∑
j

qiQj

∑
k 6=0

∫ ∞
−∞

du
2πkx
a

sin (k · ξij + uzij)

|k|2 + u2
e−

|k|2+u2

4α2

Fcpg,i,y = −
∑
j

qiQj

∑
n

(
2α√
π
e−α

2|rij+n|2 +
erfc(α|rij + n|)
|rij + n|

)
yij + nyb

|rij + n|2

(55)

+
∑
j

qiQj

∑
n

(
2ηj√
π
e−η

2
j |rij+n|2 +

erfc(ηj|rij + n|)
|rij + n|

)
yij + nyb

|rij + n|2

− 2

ab

∑
j

qiQj

∑
k 6=0

∫ ∞
−∞

du
2πky
b

sin (k · ξij + uzij)

|k|2 + u2
e−

|k|2+u2

4α2

Fcpg,i,z = −
∑
j

qiQj

∑
n

(
2α√
π
e−α

2|rij+n|2 +
erfc(α|rij + n|)
|rij + n|

)
zij

|rij + n|2

(56)

+
∑
j

qiQj

∑
n

(
2ηj√
π
e−η

2
j |rij+n|2 +

erfc(ηj|rij + n|)
|rij + n|

)
zij

|rij + n|2

− 2

ab

∑
j

qiQj

∑
k 6=0

∫ ∞
−∞

du u
sin (k · ξij + uzij)

|k|2 + u2
e−

|k|2+u2

4α2

− 2π

ab

∑
j

qiQj erf(αzij)
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2 Electrostatics with 3D periodic boundary

conditions

The ions in the bulk of the system have a point charge distribution,

ρi(r) ≡ qiδ(r − ri) (57)

where ri and qi are the position and the integral charge of the ion i, respec-
tively, and δ(r) is the Dirac delta function.

The atoms on the electrodes are modeled with a gaussian charge distri-
bution,

ρi(r) ≡ Qi

(
η2

π

)3/2

e−η
2|r−ri|2 (58)

where ri and Qi are the position and the integral charge of the atom i,
respectively, and η is a model parameter.

The simulation cell is an orthombic box with dimensions a, b and c in
the x, y and z direction respectively. 3D periodic boundary conditions are
applied. The position of an ion or atom i in the simulation box can be
expressed by ri = (xi, yi, zi), where 0 ≤ xi < a, 0 ≤ yi < b and 0 ≤ zi < c.

We define the distance between two charges i and j by rij ≡ rj − ri.
We define the lattice vector n ≡ (nxa, nyb, nzc), where nx, ny, nz ∈ Z and

the reciprocal lattice vector k ≡ (kx
2π
a
, ky

2π
b
, kz

2π
c

), where kx, ky, kz ∈ Z.

2.1 Coulomb Energy

The total energy of the system due to Coulomb interaction is given by

Uc =
1

2

Npoint∑
i=1

Npoint∑
j=1

∑′

n

qiqj
|rij + n|

(59)

+

Nelec∑
e=1

Npoint∑
i=1

Ne∑
j=1

∑
n

∫
R3

dr′′
(
η2e
π

)3/2
qiQje

|rije + r′′ + n|
e−η

2
e |r′′|2

+
1

2

Nelec∑
e′=1

Ne′∑
ie′=1

Nelec∑
e′′=1

Ne′′∑
je′′=1

∑
n

∫
R3

dr′
∫
R3

dr′′
(ηe′ηe′′

π

)3 Qie′
e−η

2
e′ |r

′|2Qje′′
e−η

2
e′′ |r

′′|2

|rie′je′′ + r′′ − r′ + n|

14



We define the intermediate quantities,

Ucpp =
1

2

Npoint∑
i=1

Npoint∑
j=1

∑′

n

qiqj
|rij + n|

(60)

Ucpg =

Nelec∑
e=1

Npoint∑
i=1

Ne∑
j=1

∑
n

∫
R3

dr′′
(
η2e
π

)3/2
qiQje

|rije + r′′ + n|
e−η

2
e |r′′|2 (61)

Ucgg =
1

2

Nelec∑
e′=1

Ne′∑
ie′=1

Nelec∑
e′′=1

Ne′′∑
je′′=1

∑
n

∫
R3

dr′
∫
R3

dr′′
(ηe′ηe′′

π

)3 Qie′
e−η

2
e′ |r

′|2Qje′′
e−η

2
e′′ |r

′′|2

|rie′je′′ + r′′ − r′ + n|
(62)

2.2 Point charges system

First we consider only a system of point charges. The energy is given by

Ucpp =
1

2

∑
i,j

∑′

n

qiqj
|rij + n|

(63)

The sum over the lattice vector n is slowly convergent. In order to speed
up the numerical calculation, the sum will be split into a short-range and
long-range contributions. This is achieved by representing |rij + n|−1 as an
integral over a dummy variable via the identity

1

r
=

1√
π

∫ ∞
0

dt t−1/2e−r
2t (64)

Using Equation (64) into Equation (63) yields:

Ucpp =
1

2
√
π

∑
i,j

qiqj
∑′

n

∫ ∞
0

dt t−1/2e−|rij+n|
2t (65)

The integral over the dummy variable t may be split up into two parts cor-
responding to short-range and long-range contributions of 1/r:

Ucpp =
1

2
√
π

∑
i,j

qiqj
∑′

n

∫ ∞
α2

dt t−1/2e−|rij+n|
2t (66)

+
1

2
√
π

∑
i,j

qiqj
∑′

n

∫ α2

0

dt t−1/2e−|rij+n|
2t
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The short-range term can be directly computed with the substitution t =
u2|rij + n|2:

U sr
cpp =

1

2

∑
i,j

qiqj
∑′

n

1√
π

∫ ∞
α2

dt t−1/2e−|rij+n|
2t (67)

=
1

2

∑
i,j

qiqj
∑′

n

2√
π

∫ ∞
α|rij+n|

du |rij + n|−1e−u2

=
1

2

∑
i,j

qiqj
∑′

n

erfc (α|rij + n|)
|rij + n|

The long-range interaction term will be treated in Fourier space. For this we
will use the Poisson summation formula:

∞∑
n=−∞

e−(x+na)
2t =

1

a

(π
t

)1/2 ∞∑
k=−∞

e−
π2k2

a2t
+i 2πkx

a (68)

However in order to be able to do this we need complete periodicity and
the sum needs to include the terms with i = j and n = 0. These self-
interaction terms will be computed separately and subtracted from the value
computed with the Fourier sums. First we compute the long-range term:

U lr
cpp =

1

2

∑
i,j

qiqj
∑
n

1√
π

∫ α2

0

dt t−1/2e−|rij+n|
2t (69)

=
π

2abc

∑
i,j

qiqj
∑
k

∫ α2

0

dt t−2e−
|k|2
4t

+ik·rij

The term with k = 0 in the sum needs to be treated separately from the
other terms. Thus we split the sum into two terms, U lr,∗

cpp and U lr,0
cpp :

U lr,∗
cpp ≡

π

2abc

∑
i,j

qiqj
∑
k 6=0

∫ α2

0

dt t−2e−
|k|2
4t

+ik·rij (70)

U lr,0
cpp ≡

π

2abc

∑
i,j

qiqj

∫ α2

0

dt t−2 (71)
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U lr,∗
cpp ≡

π

2abc

∑
i,j

qiqj
∑
k 6=0

∫ α2

0

dt t−2e−
|k|2
4t

+ik·rij (72)

=
π

2abc

∑
i,j

qiqj
∑
k 6=0

eik·rij
[

4

|k|2
e−

|k|2
4t

]α2

0

=
2π

abc

∑
i,j

qiqj
∑
k 6=0

eik·rij
1

|k|2
e−

|k|2

4α2

The term U lr,0
cpp = 0, when we make the hypothesis that the system of

point-charges is charge neutral.
Now we need to compute the self-interaction term to be able to subtract

it from the long-range term value:

U self
cpp =

1

2

∑
i

q2i
1√
π

∫ α2

0

dt t−1/2 (73)

=
α√
π

∑
i

q2i

Putting it all together, we have:

Ucpp =
1

2

∑
i,j

qiqj
∑′

n

erfc (α|rij + n|)
|rij + n|

(74)

+
2π

abc

∑
i,j

qiqj
∑
k 6=0

eik·rij
1

|k|2
e−

|k|2

4α2

− α√
π

∑
i

q2i

2.3 Gaussian charges system

Now we consider only a system of gaussian charges. The energy is given
by

Ucgg =
1

2

∑
i,j

QiQj

∑
n

∫
R3

dr′
∫
R3

dr′′
(ηiηj
π

)3 e−η
2
i |r′|2e−η

2
j |r′′|2

|rij + r′′ − r′ + n|
(75)

The sum over the lattice vector n is slowly convergent. In order to speed up
the numerical calculation, the sum will be split into a short-range and long-
range contributions. This is achieved by representing |rij + r′′ − r′ + n|−1
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as an integral over a dummy variable via the identity

1

r
=

1√
π

∫ ∞
0

dt t−1/2e−r
2t (76)

Using Equation (76) into Equation (75) yields:

Ucgg =
1

2
√
π

∑
i,j

QiQj

∑
n

∫
R3

dr′
∫
R3

dr′′
∫ ∞
0

dt
(ηiηj
π

)3
e−η

2
i |r′|2e−η

2
j |r′′|2t−1/2e−|rij+r

′′−r′+n|2t

(77)

Additionally, we use the following identity to express the gaussian exponen-
tials as integrals over dummy variables.

exp(−η2|r|2) = (2π)−3
π3/2

η3

∫
R3

exp

(
−|v|

2

4η2
+ iv · r

)
dv (78)

Using Equation (78) further yields

Ucgg =
1

2
√
π

∑
i,j

QiQj

∑
n

∫
R3

dr′
∫
R3

dr′′
∫ ∞
0

dt t−1/2 (79)

× e−|rij+r′′−r′+n|2t

× (2π)−3
∫
R3

exp

(
−|v|

2

4η2i
+ iv · r′

)
dv

× (2π)−3
∫
R3

exp

(
−|w|

2

4η2j
+ iw · r′′

)
dw

And using Poisson summation formula (Equation (68)) yields:

Ucgg =
1

2
√
π

∑
i,j

QiQj

∑
k

∫
R3

dr′
∫
R3

dr′′
∫ ∞
0

dt t−1/2 (80)

× 1

abc

π3/2

t3/2
e−

|k|2
4t

+ik·(rij+r′′−r′)

× (2π)−3
∫
R3

exp

(
−|v|

2

4η2i
+ iv · r′

)
dv

× (2π)−3
∫
R3

exp

(
−|w|

2

4η2j
+ iw · r′′

)
dw
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Grouping terms in r′ and in r′′ together yields two integral formulas of the
δ-function,

Ucgg = (2π)−6
π

2abc

∑
i,j

QiQj

∑
k

∫
R3

dr

∫
R3

dw

∫ ∞
0

dt t−2 (81)

× e−
|k|2
4t

+ik·rij

× exp

(
−|v|

2

4η2i
− |w|

2

4η2j

)
×
∫
R3

exp (+i(v − κ) · r′) dr′

×
∫
R3

exp (+i(w + κ) · r′′) dr′′

Using the integral formula for Dirac δ-function,

1

2π

∫ ∞
−∞

dx exp (i(k − k′)x) = δ(k − k′) (82)

we can simplify the expression of Ucgg , with ηij ≡ ηiηj√
η2i+η

2
j

:

Ucgg =
π

2abc

∑
i,j

QiQj

∑
k

∫ ∞
0

dt t−2 (83)

× exp

(
−|k|

2

4t
+ ik · rij

)
exp

(
−|k|

2

4η2ij

)
Before going forward and splitting the Energy term into short-range and

long-range contributions, we apply the substitution t′ =
η2ijt

t+η2ij
:

Ucgg =
π

2abc

∑
i,j

QiQj

∑
k

∫ η2ij

0

dt′ t′−2 exp

(
−|k|

2

4t′
+ ik · rij

)
(84)

The integral over the dummy variable t may be split up into two parts
corresponding to short-range and long-range contributions of 1/r:

Ucgg =
π

2abc

∑
i,j

QiQj

∑
k

∫ α2

0

dt′ t′−2 exp

(
−|k|

2

4t′
+ ik · rij

)
(85)

+
π

2abc

∑
i,j

QiQj

∑
k

∫ ∞
−∞

du

∫ η2ij

α2

dt′ t′−2 exp

(
−|k|

2

4t′
+ ik · rij

)
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In order to compute the short-range term we need first to revert back to the
real space:

U sr
cpp =

π

2abc

∑
i,j

QiQj

∑
k

∫ η2ij

α2

dt′ t′−2 exp

(
−|k|

2

4t′
+ ik · rij

)
(86)

=
1

2
√
π

∑
i,j

QiQj

∑
n

∫ η2ij

α2

dt′ t′−1/2e−|rij+n|
2t

The real-space terms are computed through the substitution t = u2|rij +n|2:

U sr,∗
cpp =

1√
π

∑
i,j

QiQj

∑′

n

∫ ηij |rij+n|

α|rij+n|
du |rij + n|−1e−u2 (87)

=
1

2

∑
i,j

QiQj

∑′

n

|rij + n|−1 (erfc(α|rij + n|)− erfc(ηij|rij + n|))

The long-range interaction term will be treated in Fourier space.

U lr
cgg =

π

2abc

∑
i,j

QiQj

∑
k

∫ α2

0

dt′ t′−2 exp

(
−|k|

2

4t′
+ ik · rij

)
(88)

This expression is identical to the one computed for a point charge system.
Therefore, we use the same decomposition between the k = 0 term and the
other terms and get the same expression:

U lr,∗
cgg =

2π

abc

∑
i,j

QiQj

∑
k 6=0

eik·rij
1

|k|2
e−

|k|2

4α2 (89)

U lr,0
cgg = 0 (90)

The self-interaction terms are collectively taken into account by:

U self
cpp =

1

2
√
π

∑
i

Q2
i

∫ η2ij

α2

dt′ t′−1/2 (91)

=
1√
π

∑
i

Q2
i

(
ηi√

2
− α

)
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Putting it all together, we have:

Ucgg =
1

2

∑
i,j

QiQj

∑′

n

|rij + n|−1 (erfc(α|rij + n|)− erfc(ηij|rij + n|))

(92)

+
2π

abc

∑
i,j

QiQj

∑
k 6=0

eik·rij
1

|k|2
e−

|k|2

4α2

+
1√
π

∑
i

Q2
i

(
ηi√

2
− α

)

2.4 Gaussian charges and Point charges system

In a system where Gaussian charges and Point charges are in interaction,
the Coulomb energy can be computed in an entirely analogous manner. We
make the assumption of charge neutrality in each such sub-system. The total
energy of the system is the sum of the energy of the point charges subsystem,
the energy of the gaussian charges subsystem and the interaction energy
between the 2 subsystems. From the two previous sections we already know
the first two terms of the energy. In this section, we compute the interaction
energy.

Ucpg =
∑
i,j

∑
n

∫
R3

dr′′
(
η2j
π

)3/2
qiQj

|rij + r′′ + n|
e−η

2
j |r′′|2 (93)

Ucpg =
∑
i,j

qiQj

∑
n

|rij + n|−1 (erfc(α|rij + n|)− erfc(ηj|rij + n|))

(94)

+
4π

abc

∑
i,j

qiQj

∑
k 6=0

eik·rij
1

|k|2
e−

|k|2

4α2

3 Implementation details

3.1 Minimum image distance criterion

All sums corresponding to the real space lattice vectors
∑
n are performed

under the minimum image criterion with an additional cut-off distance. That
is, the sum over n is removed from the final expressions of the short-range
terms of energies and potentials given before. The coefficient |rij| must be
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understood as the minimum image distance between the pair of sites i and
j and only those pairs for which |rij| < rc are taken into account. For
example, the short-range contributions to the Coulomb potential used for
the minimization procedure are then given by

Yie′ sr =

Nelec∑
e′′=1

Ne′′∑
je′′=1

0<|rie′ je′′
|<rc

Qje′′

|rie′je′′ |
(
erfc(|rie′je′′ |α)− erfc(|rie′je′′ |ηe′e′′)

)
(95)

+
2Qie′√
π

(
ηe′√

2
− α

)

b̃ej sr =

Npoint∑
i=1

|rije |<rc

qi
|rije|

(erfc(|rije|α)− erfc(|rije|ηe)) (96)

where rc is a user-input parameter.

3.2 Numerical integration

The integral with respect to u contained in the k = 0 term of the final
expressions for energies, potentials and forces for the 2D periodic boundary
condition system is approximated with the rectangle rule. This enables us
to cast this formula in a way which is similar to the 3D periodic boundary
condition case.∫ +∞

−∞
duf(u) =

kmax
z∑

kz=−kmax
z

∆zf(kz∆z) (97)

Here ∆z ≡ δz
2π
c

is the step size and δz is a user input parameter (usually
set to 1.0). kmax

z is a cutoff parameter which is computed as a function of α
and the tolerance on the sum convergence ε

3.3 Truncation of reciprocal space sums

Sums on the reciprocal lattice vectors are infinite in principle. However
the terms decay exponentially with the square of the norm of the k vector.
Hence the sums on k are truncated to contain only term with |k| < rmax

k .
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Given the parameter α and a tolerance parameter ε we use the following
formula to evaluate rmax

k and then kmax
x , kmax

y and kmax
z :

rmax
k =

√
− ln(ε)

2α

rmin
k

(98)

kmax
x =

[
rmax
k rmin

k

a

2π

]
+ 1 (99)

kmax
y =

[
rmax
k rmin

k

b

2π

]
+ 1 (100)

kmax
z =

[
δkzr

max
k rmin

k

c

2π

]
+ 1 (101)

where [x] is the greatest integer smaller than x and rmin
k = min(2π

a
, 2π
b
, 2π
c

).
Finally, α, ε and δkz are user-input parameters.

3.4 Symmetrization of the reciprocal space sums

It can be shown that the terms inside the reciprocal space sums in the
final expression for the long-range contributions of energies, potentials and
forces are symmetric with respect to k. Hence the computation burden can
be cut in half. For example, the long-range terms of the Coulomb potential
used in the minimization procedure, introducing the quantities

kxyz ≡
(
kx

2π

a
, ky

2π

b
, kzδz

2π

c

)
(102)

rk ≡ |kxyz| =

√(
kx

2π

a

)2

+

(
ky

2π

b

)2

+

(
kzδz

2π

c

)2

(103)
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can be written as

Yie′
∗
lr

=
2

ab

kmax
x∑
kx=0

(2− δ(kx))
kmax
y∑

ky=−kmax
y

kmax
z∑

kz=−kmax
z

0<rk<r
max
k

1

r2k
e−

r2k
4α2 (104)

×

cos(kxyz · rie′ )

Nelec∑
e′′=1

Ne′′∑
je′′=1

Qje′′
cos(kxyz · rje′′ )


+ sin(kxyz · rie′ )

Nelec∑
e′′=1

Ne′′∑
je′′=1

Qje′′
sin(kxyz · rje′′ )


b̃ej
∗
lr

=
2

ab

kmax
x∑
kx=0

(2− δ(kx))
kmax
y∑

ky=−kmax
y

kmax
z∑

kz=−kmax
z

0<rk<r
max
k

1

r2k
e−

r2k
4α2

×

cos(kxyz · rje)

Npoint∑
i=1

qi cos(kxyz · ri)

 (105)

+ sin(kxyz · rje)

Npoint∑
i=1

qi sin(kxyz · ri)


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